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Abstract In relativistic quantum chemical calculation of
molecules, where the spin-orbit interaction is included, the
electron orbitals possess both the double point group
symmetry and the time-reversal symmetry. If symmetry
adapted functions are employed as the basis functions of
electron orbitals, it would allow a significant reduction of
the computational expense. The point group symmetry
adapted functions can be obtained by the group projection
operators via its actions on the atomic orbital functions. We
have proposed an efficient and simple method to obtain all
irreducible representation matrices, which are the basis of
the group projection operators, of any finite double point
group. Both double point group symmetry and time-
reversal symmetry are automatically imposed on the rep-
resentation matrices. This is achieved by the symmetrized
random matrix (SRM) approach, where the SRM is con-
structed in the regular representation space of a finite group
and the eigenfunctions of SRM provide all irreducible
representation matrices of the given point group.
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1 Introduction

In order to reduce the cost of electronic structure calcula-
tions, it is always advantageous to exploit the consequence
of the molecular system having spatial symmetry. In non-
relativistic or scalar-relativistic calculation, both spatial
and spin symmetry can be used simultaneously by
employing point group and spin group. If spin-orbit cou-
pling terms are included in a relativistic Hamiltonian, it is
no longer possible to factorize spin and spatial components
of the wave functions. At this juncture, the double point
group symmetry [1, 2] is used but at the cost of spin
symmetry loss. As a result, the molecular Hamiltonian
exhibits time-reversal symmetry. However, the combina-
tion of double point group symmetry with time-reversal
symmetry is harder than that of single point group sym-
metry with spin symmetry. Because the time-reversal
operator is not a linear operator and consequently does not
offer an independent group as spin operator does in non-
relativistic case. Nonetheless, if the action of time-reversal
operator on the molecular Hamiltonian and the basis are
known, additional information on the Hamiltonian matrix
can be obtained to reduce further computational cost.

The main task in relativistic molecular symmetry
adaption is then to make the double point group adapted
symmetry functions also form Kramers pairs (time-reversal
pairs), in such a way that the resulting Hamiltonian matrix
must have the desired structure (i.e., quaternion, complex,
or real [3, 4]). This goal has been achieved only for some
limited groups (D>, and its subgroups or Abelian double
point groups) [4-8] so far. In a series of articles, Meyer
[9-13] proposed a scheme that is applicable for all point
groups. However, the resultant symmetry functions have a
complicated time-reversal relation rather than the simplest
Kramers paired structure. The previous study [3] proposed
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a more general scheme for arbitrary point groups to con-
struct Kramers paired double point group symmetry
adapted functions, which is not only applicable for
molecular one-electron basis but also for product basis. But
there remains an unsolved problem. The irrep (irreducible
representation) matrices used for T-symmetrization (time-
reversal symmetrization) must fulfil a special transform
condition, see Eq. 44 of Ref. [9] or Eq. 49 in this article.
The constraint of the irrep matrices plays a key role in the
T-symmetrization process. Although Wigner [14] had
proved that the T-symmetrization constraint is possible in
principle but no approach exists to construct such irrep
matrices for point groups in a systematic way. In the
practical implementation of the method described in Ref.
[3], the irrep matrices of point groups are chosen from the
tabulated data of Altmann [15]. Some of the irrep matrices
that do not satisfy the T-symmetrization constraint are
adjusted by intuition. However, in this article, we will
exhibit the SRM method for the generation of irrep
matrices, where the T-symmetrization constraint is auto-
matically satisfied.

There are several strategies to generate symmetry
adapted molecular bases, for example, the projection
technique [3, 11, 16], algebraic approaches [17], matrix
diagonalization [18, 19], the method of generator orbitals
[20, 21] and the eigenfunction method [22, 23]. We prefer
the projection technique since it is the most systematic
method and has many advantages over other methods.
Firstly, it provides a general algorithm for both single point
group and double point group. To treat the fermion rep-
resentation of double point group using projective repre-
sentation [24] technique, the forms of projection operators
are identical for both boson irreps and fermion irreps.
Secondly, it is simple to calculate the vector coupling
coefficients (Clebsch—Gordan coefficients), which is hard
to obtain for some of the other strategies listed above since
they are designed only for the symmetry adaption of one-
electron bases. Moreover, projection method provides
consistent phase factor for the bases of multidimensional
irreps that are important for the symmetry reduction of
post-SCF methods such as the TDDFT [25-27] (time-
dependent density functional theory) calculation where the
vector coupling functions are regarded as molecular bases.
Many of the point group symmetry adaption approaches
cannot provide consistent bases for multidimensional ir-
reps. In other words, the resultant different set of bases
belong to same irrep but the transformation matrices of
rotation operators are not identical while the bases gener-
ated from projection operators transform naturally
according to the same matrix.

The drawback of projection method is its heavy
dependence on tabulated group-theoretical information.
The irrep matrices of all group operators are a huge amount
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of data especially for high-order point groups. Therefore, it
would be tedious to write a program for projection method
with the need of extensive tabulated data. A simplification
strategy is to calculate the irrep matrices from the action of
group operators on the represented vectors instead of direct
input of the irrep matrices. The represented vectors are
linear combination of either spherical harmonics or two-
component spinors. Altmann [15] has extensively collected
the symmetrized vectors for irreps of point groups. With
these collected information, it can be further summarized
to some rules for the selection of represented vectors. The
rules are different for each series of point groups such as C,
series, D,, series, and so on. These rules make the imple-
mentation of the projection method more simpler. How-
ever, if the irrep matrices can be automatically generated
from a computer program, then it is no longer a drawback.
The SRM approach introduced in this article provides a
general algorithm for arbitrary finite point groups to pro-
duce the irreducible representation matrices. It makes the
requirement of tabulated data as low as possible since only
the definition of group (the group multiplication table) is
needed. We follow the pioneer work of Lee and Chen [28],
where matrices constructed from random numbers are used
to obtain the irrep matrices. Their complicated procedures
are simplified in this article. Moreover, the method is
extended to treat double point group irreps, T-symmetri-
zation as well as subgroup chain adaption.

The article is organized as follows. First, we introduce
the definition of regular representation which is the fun-
damental representation of a finite point group in Sect. 2
The regular representation includes all irreducible repre-
sentations, and the SRM is constructed within this linear
space. We will then show you that the eigenfunctions of
SRM must span an irreducible representation of the given
point group in Sect. 3 The irrep matrices can thus be cal-
culated via the action of group operators on the eigen-
function spaces. The procedure of generating irrep matrices
is illustrated by an example of C;, point group. In Sect. 4,
the SRM approach is extended to relativistic double point
group realm, where the fermion irreps are treated via
projective representation technique. The T-symmetrization
of irrep matrices is discussed as well. In Sect. 4, the sub-
group chain adaption of multidimensional irreps is intro-
duced. This is necessary for the unique determination of
multidimensional irrep bases, and it is also important for
the T-symmetrization of high-dimensional (not less than 4)
irreps.

2 Regular representation

The projection method of molecular symmetry adaption
needs all point group projection operators
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P =" D" (g4)8a: (1)

where D are the representation matrices of group elements
8a» 1j denotes row and column index of D, a runs over all
elements g, of group G and u denotes the irreps. Thus, for
a given group G, we need to find representation matrices of
all irreps to construct the projection operators. Fortunately,
the regular representation of group G contains all irreps and
the SRM approach is the way to decompose it.

In the theory of group representations, the regular rep-
resentation of a finite group G is the linear representation
afforded by the group action of G on itself. The dimension
of the linear representation space is then the order of group
G where each group element g, has a corresponding vector
lg,) in the linear space. The left regular representation g, of
group elements g, in the linear space is defined as

8algn) = 18a8b) = |8av) (2)

where g,, denotes g,g, for the sake of simplicity.
Therefore, g, can be looked as a matrix

galgn) = Zch(ga)|gc‘> = |gab) 3)

L |1, wheng. = g.8»
= Dey(84) = Ocap = {0, otherwise @

It is a real square matrix, and the matrix elements are
either O or 1. The set of matrices of all group elements form
a representation of group G since

D(é;a)D(gb) :D(éil:@?) :D(gab)- (5)

This representation is in general reducible. Starting from
here, we will not distinguish the operator g, and its matrix
definition since we will only discuss them within the
regular representation space.

The right regular representations of group elements g, in
the linear space are defined as
8 les) = lgvgy')- (6)

&% also form a representation of group G, but it is not
necessary to use them in this article. Instead, another set of
operators (matrices) g,

8algn) = 18v8a) (7)
= Dch(gu) = 5c,hu (8)

play an important role in the SRM approach. With the map
relation

8a—8a; 9)
set {g,} do not form a representation of group G since

8a8b = 8b8a 7 8a8b; (10)

except Abelian groups where all its elements are

commutable. However, set {g,} form a new group G,
which is called the intrinsic group of G. The anti-
isomorphic map (9, 10) defines the intrinsic group. We
can see all intrinsic operators g, commute with left regular
operators g

Va>b gagb = gbga~ (11)

The intrinsic group G is also isomorphic to its original
group G by means of the map

ga_1>—>ga. (12)

Therefore, almost all the conclusions about group G,
e.g., the number and dimension of irreducible
representations, apply to G as well.

The regular representation of G contains all irreps of G
and each irrep u occurs d,, times, where d,, is the dimension
of irrep p. The set {d,} satisfy the equation

Zdﬁ = Ng, (13)
I

where p sums over all irreps and n, denotes the order of
group G. There exist at least two ways to obtain all irrep
matrices. One is to find a uniform matrix U, which trans-
forms (by similarity transformation) all g, to irreducible
blocks simultaneously. Another way is to find the irrep
basis via the linear combination of vectors lg,). The irrep
matrices are then calculated from the action of group
operators in the vector spaces. Actually, the two approa-
ches are tightly connected, as the linear combination
coefficients of irrep vectors are just the matrix elements of
U. We will follow the idea of latter.

3 Symmetrized random matrix

The irrep vectors can be obtained from the eigenfunctions
of a totally symmetric matrix. We call a square matrix A in
the linear space (of dimension n,) is totally symmetric in
G, if it commutes with all operators g, of G

Va, Ag, = g.A. (14)

The eigenfunctions of A with same eigenvalue then must
span an irrep of group G.

AP = wvY), i=1...n, (15)
DY (g4) = (v712aV%). (16)

Where the eigenvectors are linear combination of
regular space basis

|V> = Zcu|gu>v (17)
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and the inner product is defined as
(18)

The representation matrices D(“)(ga) would be unitary
matrices if the eigenvectors v; are orthonormalized. The
representations o are indeed irreducible since no other
constraints except Eq. 14 were applied on the matrix A.
There are at least two ways to obtain the totally symmetric
matrix:

(8algp) = dap-

Type (I): Symmetrization of a square matrix composed
of random numbers. Suppose F is the random matrix, we
symmetrize it by

G G
A= 8,"Féa=> & Fga,

where a sums over all group elements. It is easy to verify
that A in Eq. 19 satisfies Eq. 14 and is therefore totally
symmetric in G.
Type (II): Linear combination of the intrinsic operators
(matrices). f,, is a series of complex random numbers and

G
A=Y fua

Since all g, commute with any g,,A in Eq. 20 is obviously
a totally symmetric matrix in G.

(19)

(20)

Matrix A obtained from either approach (I) or (II) is
what we called symmetrized random matrix (SRM) in this
article. In fact, type (I) and (II) are not two independent
symmetrization approaches, (I) can be rewritten as the form
of (II) where Eq. 19 becomes

()

Proof the explicit matrix elements of A in Eq. 19 are

(21)

Ay = Z OaimEFmnOn aj (22)
= Z Faig (23)
= zb: Friip (24)

(25)

= E FhaA,b(si.jw
a,b

O

If we look at the whole matrix, where ¢, , is just g, as
indicated in Eq. 8, then we have Eq. 21.

Only unitary irreps are needed for further applications. As
a consequence, SRM A must be a normal matrix, which can
be converted to a diagonal matrix by a unitary transform.
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Among complex matrices, all unitary, Hermitian, and skew-
Hermitian matrices are normal. Likewise, among real
matrices, all orthogonal, symmetric, and skew-symmetric
matrices are normal. It is convenient to generate a Hermitian
SRM, not only because it is theoretically easier to deal with
but also because it is convenient to be diagonalized by a
computer program. In case (I), F is Hermitian ensures A is
also Hermitian. In case (II), the coefficients must be complex
conjugation of each other among the pair of inverse
operators,

fa :fb*7

and the coefficients of self-inverse operators are real. If
time-reversal symmetry of real boson irreps are taken into
account, where all irrep matrices are real, the SRM must be
real. In this case, we need to engage a real symmetric F' for
type (I), or make the two numbers in Eq. 26 real and
identical for type (II).

The multidimensional irrep occurs more than one time
in the regular representation. But we need only one set of
its representation matrices. Therefore, the equivalent irreps
should be identified. This is done by the help of second
SRM B construct from a different set of stochastic num-
bers. Suppose there exist two sets of irrep eigenvectors

if 8a = gl;lv (26)

{|v§?‘>,|vlﬁ )} where the degeneracy degrees are same.

(Irreps with different dimensions must be inequivalent.)
We need to calculate the connection matrix C via

Cj= <v?‘|B|vf>,

where the vectors are looked as either row or column set of
numbers. If irrep o and f§ are inequivalent, all the elements
of matrix C would be zero. It is a natural application of
Wigner-Eckart theorem [1, 2]. Consequently, by checking
the values of the connection matrix C, we can distinguish
equivalent and inequivalent irreps.

The procedure of generating irrep matrices is illustrated
by the C3, point group. The treatment of fermion (projec-
tive) irreps of double point group will be discussed in next
section. We only show the example for single point group
and its boson (vector) irreps.

The Cj3, point group has 6 members

{E,C3;C32;0,1;0,2;0,3},

(27)

(28)

where E the identity operator, C3 the rotation operator
about the main axis with degree 27/3 and C;, with degree
4n/3, 0, the 3 mirrors. The multiplication table of them is
listed in Table 1. The irrep matrices are generated by the
following steps :

Step (1): Calculation of the regular operators and
intrinsic operators. All operators are stored as 6 by 6
square matrices. The matrices are evaluated from its
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Table 1 Multiplication table of C;, point group

Operator E Cs Csn Oy [ 0,3
E E Cs Csa Gy.1 Gv2 0,3
Cs Cs Cso E 0v3 Oy,1 Ov2
Csp Gz E Cs 0y2 0y3 Oy1
Oy1 Oy.1 0y 03 E Cs Csn
0y2 Oy2 0,3 Oy,1 Csa E (6}

0y3 0y3 0y, 0y2 G Csz E

definition Eq. 4 and Eq. 8 as well as the point group
multiplication table.

Step (2): Construction of Hermitian SRM. The example
includes only boson irreps, and we take account of the
T-symmetrization. We thus must make a real symmetric
SRM. It is more convenient to employ the type (II)
symmetrization as illustration. Since C; and Cs, are
inverse operators, the form of SRM is

A =pE +q(Cs + C32) + 16, + 56,2 + 16,3 (29)

where p, g, r, s, and ¢t are real random numbers. The
explicit form of above SRM A is

p q q r s t
q p q s t r
A=|4 @ P s (30)
r s t p q q
s t r q p ¢q
t r s q q p

Step (3): Diagonalization of SRM and check the number
of degeneracy. As an illustration, we choose

p=0 g=1, r=2, s=3, t=4 (31)

and diagonalize the SRM by a computer program. We
found that the eigenvalues are {11, 7,3 —-1,V/3 -1,

—V3-1,—/3- 1}, so there exist 4 eigenfunction
spaces. The representations of different dimensions are
indeed inequivalent, and the one-dimensional irrep occurs
only once in the regular representation. We then only need
to check the equivalency of the two two-dimensional
representations. The matrix elements of the connection
matrix, calculated from a second SRM via Eq. 27, are not
all zero. That means they are equivalent. Hence, we get 3
independent irreps for Cs, point group, where the
dimensions are {1, 1,2} respectively. They fulfill the
Eq. 13 that

1?+12+22=6. (32)
Now we can make sure that we obtained all irreps of Cs,
point group.

There may exist occasional degeneracy due to numerical
errors. Some eigenvalues of inequivalent irreps happen to

be same (within numerical accuracy) in that case. This can
be detected by check Eq. 13. Although the probability is
very low, even if it happens, we can remove it by choosing
new set of random numbers until Eq. 13 is satisfied.
Step (4): Calculation of the irrep matrices. They are
evaluated from Eq. 16. Because the vectors are obtained
from the eigenfunctions of a Hermitian matrix, they are
already orthogonal to each other. If we normalize the
coefficients of the vectors, we could obtain unitary irrep
matrices.

4 Double point group adaption

In relativistic molecular calculations employing spinor
functions, any rotation of group G would correspond to
two matrices that differ only in sign. That is, it looks like
that such spinor functions form “two-valued” represen-
tations of group G. In order to overcome the difficulty of
such two-valuedness, an artificial element E, corre-
sponding to a rotation of 27, can be introduced to group
G. This leads to a doubling of the number of elements
and therefore the name of double point group (denoted as
G"). Any irrep of G can be expanded to an irrep of G .
Such irreps can be spanned by scalar functions and are
thus called boson irreps. The extra irreps of G are instead
spanned by spinor functions and are therefore denoted as
fermion irreps.

If we start from the multiplication table of G and follow
the procedure described in Sect. 3, we would obtain all the
boson irreps and fermion irreps. Actually, an elegant way is
to treat the fermion irreps by using the projective repre-
sentation theory [24]. The introduction of G is then not
necessary. All irreps are generated within the definition of
group G. As the boson irreps are treated by the approach
described in Sect. 3, while the fermion irreps are obtained
by the approach described in this section.

The projective representation theory modifies the defi-
nition of representation by introducing a unimodular factor
to the product of two representation matrices

D(g4)D(gv) = [8as 85]D(8ap)- (33)

Matrices satisfy Eq. 33 are said to form a projective
representation of group G, where the factors [g,, g5] depend
on the order of group elements. All factors of group G form
a factor system, and they must satisfy the associativity
condition

(8as 8b)(8ab, 8] = [8as 8be] (8D &c- (34)

For point groups, the factors are either +1 or —1.
Altmann [24] had proposed the quaternion parametrization
approach to determine the values of the factors.
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The projective left regular operators g, and projective
intrinsic operators g, in regular representation space are
defined as

ga|gb> = [gavgb]|gab>7 (35)
84l86) = (85, 8allgba)- (36)

It is easy to verify that g, form a projective
representation of G. All operators g, commute with any
g_ since
gagc‘gb> = [gavgbL‘] [gbagc]|gabc> (37)
= [8a> 85][8ab: 8c]|gabe) = B-8al8p)- (38)

We follow the process of the discussion in Sect. 3 The
conclusion about projective totally symmetric matrix A
becomes: if A commutes with all g,, its eigenfunctions
would span a projective (fermion) irrep of group G. The
fermion irrep matrices are calculated from the eigenvectors
{v¥)} of A via

DY (ga) = (vi18ulv? )- (39)

The projective SRM can be obtained from the
symmetrization of a random matrix F via

G G
A=) g 'Fg,=> gFg, (40)

The form is same as the type (I) symmetrization approach
in Sect. 3, where the normal group operators are substituted
by its corresponding projective operators. F' is Hermitian
also ensures us to obtain a Hermitian projective SRM. The
linear combination of projective intrinsic operators would
also provide us a projective SRM. However, the conditions
for getting a Hermitian SRM are little bit different. Because
the inverse of projective operators are not always the

operator of inverse group elements
g, 18, = [gglvga} = g;I =4g,1. (41)

Anyhow, the Hermitian projective SRM of type (II) can
be written as

A= (fula + 180 (42)

Equation 42 is still the linear combination of projective
intrinsic operators since g =g ' =+g, ., and thus
provides projective totally symmetric matrices.

The connection of type (I) and (II) SRM is

A= Z(ZFha,b[gh,ga]l>ga~ (43)
a b

Proof is

-1
Aj = ZFai,aj[gavgi] [ga’gf] (44)
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= ZFai,aj[gujagfli]_l 8> &1 (45)

= Zbeli,h[gbygfli]_l g &1 (46)
b

= Frapler: 2] dijalg), gl (47)
a,b

We employed the associativity condition
[gmnggajﬁgj’li} = [gmgi][gjvgj*li]' (48)

The T-symmetrization of fermion irreps requires that the
irrep matrices of pseudoreal irreps, the class (c) irreps of
Frobenius-Schur [1, 29] classes in Ref. [3, 9], must satisfy
the following transform condition

Ve, DY (g,) = JTDW (g,)J, (49)

=t () ). (50)

Where 1, is an m-dimensional unit matrix and y is a
2m-dimensional pseudoreal irrep. The irrep matrices of u
and its complex conjugation are complex and equivalent.
We can prove that, for two-dimensional pseudoreal irreps,
the unitary irrep matrices obtained from the Hermitian
SRM automatically satisfy the condition in Eq. 49.
However, for high dimensional (>4) pseudoreal irreps,
we need the help of subgroup chain adaption to satisfy the
condition. This will be discussed in Sect. 5.

Suppose v is a two-dimensional pseudoreal irrep.
Therefore, its complex conjugates are equivalent to them-
selves by a unitary transformation V

V2., DU(g4) = VIDM(g,)V. (51)

The general structure of two-dimensional unitary matrix is

V= <—Z*9 ;9) 52)

where aa* 4+ bb* =1 and 0 is a unimodular complex
number. From group representation theory, we know that
the transform matrix V of pseudoreal irrep must be skew-
symmetric [1]

V=-v (53)

As a consequence, we have

0 b 0 -1
V(—b o) <1 0)’ (54)
where b is now a unimodular complex number. Substitute it
into Eq. 51 we get

Vea, DY (ga) =DM (ga)J. (55)

The unimodular factor b was canceled. That is just what
we need for the T-symmetrization of pseudoreal irrep.
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Therefore, any two-dimensional pseudoreal irrep
automatically fulfil the T-symmetrization constraint Eq. 49.

The process of calculating the fermion irrep matrices is
demonstrated by an example of D, point group. The D,
point group has four group elements {E, C5,, Cay, Co, }. The
multiplication table as well as projective factors are listed
in Table 2. The fermion irrep matrices are generated by the
following steps:

Step (1): The projective operators (matrices) are com-
puted by using their definitions Eq. 35 and Eq. 36.

Step (2): As an illustration, we employ the type (II)
approach to construct the Hermitian SRM. From Eq. 42
we know that, if g;l = g, its coefficient must be real,
if g;' = —g, 1 its coefficient must be pure imaginary.
Therefore, the Hermitian SRM of D, point group is

A= pf‘: + i(qézz + réh + Sézy), (56)

where p, g, r, and s all are real random numbers. The

explicit form of above SRM A is
p iq ir is

p —is ir

A= . (57)
—ir s p —iq
—is —ir iq p
Step (3): We set
p=0, g=1 r=2 s=3 (58)

and diagonalize the SRM. The eigenvalues are

{—\/ 14, —v/14,1/14,+/ 14}, so there exist two eigenfunc-

tion spaces. The equivalence of these two representations is
identified by the same approach (checking the connection
matrix) described in Sect. 3, and we found they are
equivalent. The D, point group then contains only one two-
dimensional fermion irrep. Equation 13 must be satisfied
also for the fermion irreps of point group G. The results
fulfill the Eq. 13 that 2% = 4.

Step (4): Fermion irrep matrices are computed via

Eq. 39 from orthonormalized eigenvectors.

In summary, the procedures are almost same as that for
boson irreps except projective factors are involved and
complex numbers are used, even T-symmetrization is taken
into account.

Table 2 Multiplication and projective factor table of D, point group

Operator E Cy, Coy Gy
E E Co. Cor Coy
C2z CZZ -E C2y - sz
CZX C2x - C2 y —E C2z
CZ y C2 y C2x - CZ: —E

5 Subgroup chain adaption

For a multidimensional irrep o of group G, the choices of
its basis vectors are not unique. Suppose the set of vectors
{|vf‘)} span a representation space of irrep «, the trans-
formed vectors

{5, W), .. U (59)

by a unitary matrix U also span the space of irrep o.
Obviously, the choices of basis eigenvectors within an
eigenfunction space are arbitrary, the same applies to the
corresponding irrep matrices. Anyhow, the choice of the
irrep matrices does not affect the symmetry reduction in
molecular calculations. But for the purpose of molecular
symmetry analysis, it is convenient to fix the choice of
irrep vectors by adapting them to be the common irrep
vectors of a subgroup chain

G D G(s1) DG(s2) D+ D G(sy), (60)

where the last group G(sy) must be an Abelian group.
Moreover, the T-symmetrization of pseudoreal fermion
irreps can be accomplished by the help of subgroup chain
adaption. We will therefore discuss subgroup chain adap-
tion of the SRM approach in this section.

It requires N steps to decompose the irreps of group G
completely, where N denotes the length of the subgroup chain.
At each step, we need to construct the SRMs that are totally
symmetric in the corresponding subgroup. In the kth step,
suppose  is the common irrep of truncated subgroup chain

G D G(s1) DG(s2) DD Glsw), (61)

where ¥ =k — 1 and G(sy) denotes G. We need to
calculate the represented group operators in each
multidimensional irrep u via its basis vectors {Iv')}

Dij(8au) = (i 18alv})- (62)
The SRM of group G(s,) in the space of irrep u is then

G(sk)
A= Z §I7qua,;tv (63)
a

where F is a Hermitian random matrix of dimension n,,.
The eigenfunctions of A would further decompose the
irrep p. After N steps, all irreps of group G are decomposed
to one-dimensional irreps, which are common irreps of the
subgroup chain. If the final set of irrep vectors are
employed as the irrep vectors of group G, they are then
uniquely defined (within arbitrary phase factors).

The T-symmetrization of pseudoreal fermion irrep
requires the subgroup chain end up with an Abelian point
group which only includes complex fermion irreps, for
example, the C;, and C, point group. This is possible for all
point groups that have pseudoreal fermion irreps. Such
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subgroup chain is called time-reversal adapted subgroup
chain in this article. We can prove that, with additional
modification of the phase factors of irrep vectors, the irrep
matrices of pseudoreal fermion irrep satisfy the T-sym-
metrization constraint Eq. 49. The proof is discussed as
follows. Suppose the irrep vectors of time-reversal adapted
subgroup chain within a pseudoreal fermion irrep o of
group G are

{Ivia), via),

where {[vi1),|vi2)} are basis vectors of the complex

i:l...m}, (64)

conjugated pair irreps of the last group G(sy). The
dimension of irrep o is 2m. Suppose this set of vectors
form an irrep of G with irrep matrices D(g,). The
complex conjugation of them

(Wi, i=1..m} (65)

would then span a space with irrep matrices D®"(g,).
Because « is a pseudoreal irrep, its complex conjugated
irrep must be equivalent to itself. Consequently, there
exists a unitary matrix V to connect the complex
conjugated pairs

Ve, D@ (ga) = VID® (g,)V. (66)

Because the vectors are common irrep vectors of a time-
reversal adapted subgroup chain, Iv: 1) must belong to the
group chain irrep that same as lv;,) belong, Iv;,) must
belong to the group chain irrep that lv;;) belongs.

Therefore, {|sz>7 Vip)i=1.. m} also span a space of

%, and the irrep matrices differ from D(g,) only in phase
factors. Taking into account of the restriction of Eq. 53, the
form of unitary matrix V in Eq. 66 must be

(0 -0 0 -0,
(0 Me (L P @
where 0; are unimodular numbers. The factors 0; can be
evaluated from the parallelization technique, which will be

discussed soon. If we add additional phase factors #; to the
set of irrep vectors

{'/Ii|vi-1>7 '/Ii|vi,2>7i =1 m} (68)

where 11[2 = 0;, the irrep matrices of the new set of vectors
would fulfill the T-symmetrization constraint. As we can
see, irrep matrices of the new set Eq. 68 are

D) (g,) = WD (g,)W, (69)

(3 o3 Do

It is easy to verify that

Vga, DY (ga) =JTD®)(g,)J, (71)

@ Springer

where J is defined in Eq. 50. Therefore, with the help of
time-reversal adapted subgroup chain, the irrep matrices of
pseudoreal fermion irrep satisfy the T-symmetrization
constraint are obtained.

The parallelization technique makes two set of vectors
that belong to same irreps also transform according to same
irrep matrices. Because the multidimensional irrep
occurs many times, we denote it as {ul,u2,...}. The
representation matrices

D' (g,), DV (gy), . .- (72)

are in general different, but they are equivalent by a similarity
transformation since they belong to same irrep. We choose the
vectors of ul as benchmark and parallelize the vectors of u k
with respect to ul. That means, we apply a unitary
transformation U of dimension n, to vectors of u k to make

Ve, UTD™) (g, U = DW(g,). (73)

U can be obtained with the help of a second SRM B. We
need to construct the connection matrix C

C;j= <v;”|3|v;‘k>. (74)

If we apply the transformation U to the right vectors of
above equation

{9} ={mh o, (75)

the Wigner-Eckart theorem tells us the matrix elements
between transformed vectors would be

(B = oy (" BIV), (76)
because the vectors {|v]*fk)} transform according to same

matrices as {|vf‘ 1)} The resulting matrix must be the

production of unit matrix / with a real number d (since
the general phase factor of U is arbitrary, we suppose it is
the case where d is real)

cU=dl = ccl=dl (77)
Therefore, U is obtained form C
v =ct/cchy. (78)

Now coming to the remaining problem of T-
symmetrization. If the set of Eq. 65 is employed as the
benchmark set, the set of Eq. 64 as the set to be adjusted,
we then would obtain the factors what we need in Eq. 67.

In fact, if the subgroup chain has only one subgroup
G D G(s), we do not need to construct the SRMs for
subgroup in each multidimensional irrep spaces. The irrep
vectors of such subgroup chain can be obtained simulta-
neously from the eigenvectors of one SRM, which needs
double symmetrization
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G(s) G
A=Y 8, "Fa )& (79)
a b

where F is a Hermitian random matrix. It is obvious that A
is totally symmetric in both G(s) and G. The eigenfunctions
of A form a complete space of intrinsic operators g, instead
of g, in group G. In order to obtain the irrep vectors of
G D G(s), further parallelization steps are needed. The
multidimensional irrep p of G is also the irrep u of G, but
their irrep spaces are perpendicular. There must exist n,
spaces of irrep u in the eigenfunction spaces of A. We
parallelize the vectors by the parallelization technique
discussed above, and pick up the first vector of each space
to form a new set. The new vector set is complete with
respect to operators g, in group G. The irrep matrices are
therefore evaluated within the selected vector set, and they
are the irreps of subgroup chain G O G(s).

6 Summary

The SRM approach introduced in this article provides an
efficient method to obtain all irrep matrices of a given point
group. The subgroup chain conventions for the multidi-
mensional irreps are compatible with our SRM approach.
Based on the irrep matrices, the group theoretical projec-
tion operators can be obtained. The projection techniques
are used to construct the point group symmetry adapted
molecular functions as well as the vector coupling coeffi-
cients (Clebsch—-Gordan coefficients) for the symmetry
reduction of molecular electronic structure calculations.
For the irreps of double point groups, which are required in
the relativistic molecular calculations including spin-orbit
interaction, they are consistently treated by the SRM
approach. Moreover, the T-symmetrization of fermion ir-
reps is realized by the SRM approach. Combining it with
the projection technique described in Ref. [3], we can
obtain double point group symmetry and time-reversal
symmetry adapted molecular functions. The problem of
relativistic molecular symmetry adaption is therefore
completely solved. The SRM method has minimum
requirement of the external tabulated data, only the group
multiplication table and projective factors are needed. It is
then easy to implement as a computer program.

Acknowledgments This research was supported in part by the Core
Research for Evolutional Science and Technology (CREST) Program,
High Performance Computing for Multi-Scale and Multi-Physics
Phenomena of the Japan Science and Technology Agency (JST). One
of the authors (D.P.) thanks Dr. Yunlong Xiao for providing the Ref.
[28].

References

1. Wigner EP (1959) Group theory and its application to the
quantum mechanics of atomic spectra. Academic Press, New
York

2. Hamermesh M (1964) Group theory and its application to phys-

ical problems. Addison-Wesley, London

. Peng D, Ma J, Liu W (2009) Int J Quantum Chem 109:2149

. Saue T, Jensen HJA (1999) J Chem Phys 111:6211

. Esser M (1984) Int J Quantum Chem 26:313

. Pitzer RM, Winter NW (1988) J Phys Chem 92:3061

. Visscher L (1996) Chem Phys Lett 253:20

. Yanai T, Harrison JR, Nakajima T, Ishikawa Y, Hirao K (2007)

Int J Quantum Chem 107:1382
9. Meyer J (1988) Int J Quantum Chem 33:445
10. Meyer J (1994) Int J Quantum Chem 52:1369
11. Meyer J (1997) Int J Quantum Chem 61:929
12. Meyer J, Sepp WD, Fricke B (1989) Comput Phys Commun
54:55

13. Meyer J, Sepp WD, Fricke B, Rosén A (1996) Comput Phys
Commun 96:263

14. Wigner EP (1932) Gottinger Nachrichten 31:546

15. Altmann SL, Herzig P (1994) Point-group theory tables. Clarendon,
Oxford

16. Cotton FA (1990) Chemical application of group theory. Wiley,
New York

17. Fieck G (1978) Theor Chim Acta 49:144

18. Chung ALH, Goodman GL (1972) J Chem Phys 56:4125

19. Ellis DE, Goodman GL (1984) Int J Quantum Chem 25:185

20. Zhang QE (1983) Int J Quantum Chem 23:1479

21. Wang F, Li L (2002) J Mol Struct THEOCHEM 586:193

22. Chen JQ, Ping J, Wang F (2002) Group representation theory for

physicists. World Scientific, Singapore
23. Matveev AV, Mayer M, Rosch N (2004) Comput Phys Commun
160:91

24. Altmann SL (1986) Rotations quaternions and double groups.
Clarendon, Oxford

25. Gao J, Zou W, Liu W, Xiao Y, Peng D, Song B, Liu C (2005)
J Chem Phys 123:054102

26. Peng D, Zou W, Liu W (2005) J Chem Phys 123:144101

27. Xu W, Ma J, Peng D, Liu W, Staemmler V (2009) Chem Phys
356:219

28. Lee W, Chen KJ (1986) J Phys A Math Gen 19:2935

29. Tinkham M (1964) Group theory and quantum mechanics.
McGraw-Hill, New York

03NN AW

@ Springer



	The symmetrized random matrix approach, an efficient method to obtain relativistic molecular symmetry adapted functions
	Abstract
	Introduction
	Regular representation
	Symmetrized random matrix
	Double point group adaption
	Subgroup chain adaption
	Summary
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


